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Abstract
The effective equation of state of normal matter is changed in theories
where the size of the compact space depends upon the local energy density.
In particular we show how the dilution of a fluid due to the expansion of
the universe can be compensated by an increase of the effective coupling
of that fluid to gravity in the presence of a potential which acts to reduce
the size of the compact space. We estimate how much cosmic acceleration
can be obtained in such a model and comment on the difficulties faced in
finding an appropriate potential.
1 Introduction
Current astrophysical observations suggest that there are at least two separate
epochs in the history of the universe where accelerated expansion occurred. The
first is in the very early universe where a period of accelerated expansion could
explain the uniform temperature of the cosmic microwave background radiation
across the sky. The second is the apparent acceleration of the universe deduced
from observations of type 1a supernovae which seems to be occurring today and
to have begun extremely recently in cosmological terms [1].
It is not possible to obtain accelerated expansion from normal matter or ra-
diation - as the universe expands, their energy density shrinks too rapidly, so in
order to explain the observations one is forced to consider other forms of stress
energy. It is very easy to obtain accelerated expansion from the potential of a
self interacting scalar field, although typically one does not obtain a prolonged
period of such behaviour without fine-tuning which makes it difficult to explain
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the inflation required in the early universe. In the same way it makes it difficult
to arrange a period of acceleration which began only very recently.
It is therfore worth considering other mechanisms which could give rise to
acceleration to see if there are any reasonable alternatives to the orthodox mech-
anisms.
In theories with more than 3 spatial dimensions, the values of the couplings
in the 3+1 dimensional theory depend upon the details of the compactification of
the higher dimensions. Perhaps the simplest example of this is the ratio between
the Newton’s constant which appears in the higher dimensional theory G−1D =
8πMD−2F and that which appears in the 3+1 dimensional theory G
−1
4 = 8πM
2
P l,
which is simply the volume of the compact space1. If one then allows that volume
to vary, the 4D Newton’s constant will also vary relative to the underlying higher
dimensional length scale.
The effect of a varying volume will be to add a dynamical scalar in front of
the 4D Ricci Scalar in the action L = √−gΦR[g] + ... but it is always possible
to perform a conformal transformation on the metric to the Einstein frame such
that the the action for gravity takes the form (see appendix)
S =
M2P l
2
∫
d4x
√−g
{
R− 1
2
∂µφ∂µφ
}
(1)
where the scalar φ represents the volume of the compact space (variously re-
ferred to as the radion, dilaton, modulus, breathing mode etc.). If we start in D
dimensions and compactify to 3 + 1 dimensions φ is given by [3]
φ(t)− φ0 = −(D − 4)
2
√
D − 2
D − 4 ln
(
r(t)
r0
)
≡ −(D − 4)
β
ln
(
r(t)
r0
)
(2)
where r0 is the radius of the compact (D-4) torus today so that φ − φ0 param-
eterises the relative change in volume over time. The conformal transformation
should not affect any physics derived from the Lagrangian, and indeed one finds
that the effect of the varying compact space has been re-absorbed into a variation
of the effective density of matter. In the Einstein frame the left hand side of the
field equations will have the same form as Einstein gravity for given space-time
symmetries. However, the equivalence principle is broken (the gravitational at-
traction between two particles will depend on the local value of the field φ) and
the density that one uses to solve the equations will be given by ρeff = e
βφρ [4].
If one assumes that the total density is the sum of the matter density and a
potential of the (ad-hoc at this stage) form V (φ) = V¯ e−αφ where V¯ and α are
1For a string theory the usual situation is 8piGD = M
2−D
F
= g2s l
D−2
s /8 where gs and ls are
the string coupling and length respectively [2].
2
constants, the total effective density in the Einstein frame is given by
ρtotal = V¯ e
−αφ + ρeβφ (3)
and (for ω < 1/3) the expectation value of φ will be at the minimum of this
effective density, i.e.
〈φ〉 = 1
α + β
ln
(
4
(1− 3ω)
α
β
V¯
ρ
)
; ω < 1/3 (4)
so that although φ−φ0 is always negative since r ≥ r0, φ is always positive as we
will only be considering situations where ρ≪ V¯ . The expectation value of φ and
the coupling of the matter to gravity therefore depends upon the local density of
stress-energy.
The authors of [5] refer to φ as a chameleon field when it is behaving like this
since the mass of the field changes according to the density of the local medium
(see also [6]). The fact that the expectation value of φ is a function of the local
density is more important for our purposes than its mass. Consider a universe
with a spatially homogeneous distribution of matter. As the universe expands,
the energy density will dilute in the normal way but the expectation value of the
field φ will also change, increasing the coupling of that matter to gravity. In this
way the effective dilution of the gravitating energy due to the expansion will be
reduced and the effective equation of state of the energy will change. In particular
we will be interested in finding out under what conditions this situation can lead
to accelerated expansion. In order for such an increase in coupling to compensate
for dilution, we require a potential such as the one written down in equation (3)
which, in the absence of matter, would cause the compact space to shrink as the
universe expands. This is not easy to achieve.
The reader should be aware of some closely related previous work where the
mass of particles changes with the cosmically varying expectation value of a scalar
field [7] (see also [8]) Here, we are changing the gravitational mass of the particles
whilst their inertial mass stays a fixed fraction of MF . We are considering only
cases when the mass scale associated with the energy density, ρ
1
4 is much less than
the inverse radius of the compact space. It is therefore irrelevant as to whether
the matter is confined to a brane or not, the size of the compact space will not
make any difference to its bare stress energy in the Jordan-string frame since we
will assume that any matter which does propagate in the bulk consists only of zero
modes. The low energy gauge coupling of those fields which are able to propagate
in the compact space will change with the size of the compact manifold, but we
will assume that no phase transitions occur because of this effect, and will only
consider particles which are given mass via some Yukawa coupling rather than
some confinement scale (’electron’ like particles rather than ’baryon’ like ones)
In the next section we will find out how the effective equation of state behaves
for the simple situation presented in equation (3). We will then compare the
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situation with that of an exponential potential and no matter, in other words
power law inflation. Next we will set up some checks that our scenario must
pass in order to be self consistent. Then we will find out how much expansion
it is possible to obtain using matter with such a potential without violating our
consistency checks. After that we will discuss why it is very difficult to find a
potential like the one used above but we will show that it is possible to find
some well motivated potentials which contain regions where the compact space
is dynamically driven to smaller radii. Finally we will show that it is impossible
to obtain acceleration using only the matter and the motion of the scalar field
without another potential being present.
2 Effective equation of state and checks
We express the relationship between density and pressure with the usual ω pa-
rameter such that P = ωρ and the energy density red-shifts in the normal way
as (see appendix)
ρ =
(a0
a
)3(1+ω)
ρ0
ρ˙ = −3H(1 + ω)ρ (5)
where H = a˙/a is the Hubble expansion factor. If one then substitute these back
into equation (3) one finds that the effective density can be found analytically
ρeff =
{(
4
1− 3ω
α
β
) β
α+β
+
(
4
1− 3ω
α
β
)
−
α
α+β
}
V¯
β
α+β ρ
α
α+β
0
(a0
a
) 3(1+ω)α
α+β
≡ ρ∗
(a0
a
) 3(1+ω)α
α+β
(6)
It becomes clear that the effective equation of state of the density in the Einstein
Frame is given by the expression
ωeff =
ωα− β
α + β
(7)
and the two limiting cases show what will happen; if α≫ β then the fluid gravi-
tates in the way that you would expect it to. If β ≫ α then the fluid behaves like
an inflaton field and the dilution of the matter is entirely compensated by the
increase in its gravitational coupling. It is instructive at this point to compare
the situation with power law inflation [9][10] where there is only an exponen-
tial potential and no energy density due to radiation or matter. The potential
therefore has the form
V = V0e
−γψ (8)
4
and the condition for accelerated expansion V > M2P lψ˙
2 translates into the in-
equality
ǫ =
M2P l
2
(
1
V
∂V
∂ψ
)2
=
γ2
2
≪ 1. (9)
We have already seen that things are quite different in our model, and in fact the
condition for accelerated expansion, ωeff < −1/3, relates not to the absolute but
the relative values of α and β
ωeff < −1
3
↔ 2β > α (matter). (10)
Before we carry on there are some consistency checks which we need to be fulfilled
in order for our analysis to be valid.
i) The first check is whether or not the kinetic energy M2P lφ˙
2/2 is negligible
compared to the gravitational energy density of the fluid. We can find the solution
for the scale factor a as a function of time (when α > 0)
a(t)
a0
=
[
1 +
√
3
2
α(1 + ω)
α + β
√
ρ∗
MP l
(t− t0)
] 2
3
α+β
α(1+ω)
(11)
where we see that as we increase β, we get closer to exponential ωeff = −1
behaviour. Note this is in contrast to the normal behaviour for the scale factor
a ∼ t 23(1+ω) . Then with equations (4) and (5) we see that we have to have
ρeff
ρkinetic
=
2
3
(α + β)4
α2(1 + ω)2
≫ 1 (12)
in order for our assumption that the kinetic energy is negligible to be self-
consistent. ii) The next consistency check is to ensure that the field lies in the
minimum of the potential rather than slowly rolling towards that minimum, in
other words to ensure that m2 ≫ H2 where H is the Hubble parameter. It is
easy to show that as long as the expansion is dominated by the effective density
rather than the kinetic energy of φ
m2
H2
=
3αβ(α+ β)(1− 3ω)
4α + β(1− 3ω) ; m
2 =
1
M2pl
∂2V
∂φ2
(13)
and we need to ensure that the mass associated with our effective potential is
much bigger than the Hubble parameter. iii) The final consistency check for
the time being is one upon the adiabaticity of the contraction of the compact
space. Gravitational waves (or other fields) with momentum in the compact
directions show up as massive excitations in the low energy theory known as
Kaluza Klein (KK) modes. The spectrum of these modes is a tower of states of
mass mKK = n/(2πr) where n runs from 1 upwards. Because φ, and therefore r,
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is changing in the course of the cosmological evolution in this model, we need to
ensure that the time scale over which r changes is always larger than the inverse
mass of the lightest KK mode∣∣∣∣ 1r(t) ∂r(t)∂t
∣∣∣∣ ≪ mKK ∼ 12πr(t)∣∣∣∣2π∂r(t)∂t
∣∣∣∣ = β(D − 4)e− βD−4 (φ−φ0)2πr0φ˙≪ 1 (14)
which leads to the expression
√
3
D − 4
αβ(1 + ω)
(α+ β)2
(
1 +
4
(1− 3ω)
α
β
)1/2
2πr0V¯
1
2
MP l
e−(
β
D−4
+α
2 )(φ−φ0) ≪ 1. (15)
It is also necessary to make sure that the particles which make up the density are
not created as φ changes. Since the particles follow geodesics in the string frame,
it is there where we should consider particle production. Let us imagine that our
matter consists of excitations of a scalar field of mass M . If we expand the field
into Fourier modes then each mode will obey the equation (see, e.g., [11])
d2hk
dη2
+ ω2khk = 0 (16)
where dη = dt/a, the conformal time. The frequency ωk is given by
ω2k = k
2 +M2a2 − 1
a
d2a
dη2
(17)
so that the effective mass of the mode depends upon the expansion of the space-
time in which it is propagating.
When the effective mass becomes tachyonic, the particle will be produced
rapidly, something which we need to avoid if we are to trust our equations. Now
transferring back to coordinate time t we find that the effective mass of the mode
will become tachyonic when
M2 ≪ H2 + a¨
a
(18)
In the String frame, the mass M will be a constant whereas the value of MP l will
change over time. The scalar will therefore become tachyonic when
M2 ≪ 2
3
ρ
M2P l
+
1
MP l
√
ρ
3
{
2
d ln ρ
dt
− d lnMP l
dt
}
= 2H2
(
−2− d lnMP l
d ln a
)
(19)
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and now we can use the results in the rest of the paper to show that
d lnMP l
d ln a
= −β
2
φ˙
H
= −β
√
3ρkin
2ρeff
= −3
2
αβ(1 + ω)
(α + β)2
(20)
We are considering matter (ω = 0) as the source of the energy density in the
string frame and we are interested in obtaining acceleration so that 2β > α.
With these parameters we find that explosive particle production would only
occur when M2 < −2H2, and therefore does not. The reason for this is that
while the scale factor is accelerating in the Einstein frame, the expansion in the
string frame where the particles propagate is much more gentle. Particles may
be produced in small amounts, it would be possible to evolve the mode functions
and find the corresponding Boguliubov coeffecients, but the effect will be very
small in comparison to the background of particles.
Having listed the consistency checks necessary, we will proceed by considering
a toy model so as to find out some typical numbers.
3 How much expansion?
There are many free parameters in the model we have outlined above. In order
to consider a particular situation, let us assume that D = 10 as in a super-
symmetric string theory so that β =
√
3 and that β = 2α. Putting these values
into equation (12) we find that the potential energy is bigger than the kinetic
energy as we require. The requirement that the field does not slow roll but stays
in its minimum is fulfilled. Note that as is often the case when one is dealing
with exponential potentials, these two conditions are scale invariant, and if they
are fulfilled at some point during the evolution of φ, they will always be true.
However, this scale invariance is broken when one considers the production of
KK modes since the ratios between MF , r
−1 and MP l are all changing over the
course of the evolution. It is therefore the adiabaticity condition which puts a
constraint on the number of efolds. It is well known that around 60 efolds of
accelerated expansion in the early universe could solve the horizon and flatness
problems [10]. The number of e-folds in our model is given by
Nefolds =
∫ tend
tstart
Hdt =
∫ φend
φstart
1
a
da
dφ
dφ (21)
where φstart is the start of inflation and we set φ0 as the end of inflation. One
quickly obtains the analytical expression
Nefolds =
α+ β
3(1 + ω)
(φ0 − φstart) (22)
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then since inflation ends when r = r0
rstart
r0
= exp
(
3β(1 + ω)Nefolds
(D − 4)(α + β)
)
(23)
which for D = 10, 2α = β =
√
3 and Nefolds = 60 requires a factor 10
8 change for
matter. Let us assume that V¯ = M4F , which might be considered natural since
MF is the only scale in our matter sector. Then using M
2
P l = M
D−2
F (2πr0)
D−4
and our parameters for β and D, we see that equation (15) takes the form
1
9
exp
[
5
6
Nefolds
]
≪ MP l
2πr0V¯
1
2
=
(
MP l
MF
) 2(D−6)
(D−4)
. (24)
In order to get as much acceleration as possible without the associated con-
traction of the compact space resulting in the non-adiabatic excitation of KK
mode quanta, we need to increase the radius of the compact space. This is
simply because in setting V¯ = M4F we have made the kinetic energy of φ, and
therefore the change in r, a stronger function of MF than mKK at the beginning
of the expansion.
The normal running of the gauge couplings and the non-observation of black
holes at particle accelerators forces one to only consider values of MF which are
greater than about a TeV. In this way we are able to constrain the number of
e-folds
Nefolds ≤ 6
5
ln
[
9
(
1018GeV
103GeV
) 4
3
]
≃ 58 (25)
which is coincidentally quite close to the required value. However, the fact that
we have invented the shape and scale of our potential rather than using a well
motivated one means that the coincidence is just that.
However, we are not trying to promote this seriously as a model of inflation,
partially because we have no motivation for the potential and partially because
it is an incomplete model in as much as it says nothing about perturbations.
Unlike the inflaton, our field φ is not effectively massless, so the normal mecha-
nism for generating perturbations will be suppressed. However, there are other
ways one can imagine perturbations being created under such conditions. One
such mechanism is to invoke the curvaton scenario [12], namely that there are
orthogonal flat directions in the field space in which iso-curvature perturbations
can be produced which later decay. Another possibility is the recently developed
modulon picture, where the coupling of the inflaton to standard model fields is set
by the expectation value of a light scalar field [13]. In these models, temperature
(density) fluctuations in the plasma are created by anisotropies in the decay rate
of the inflaton, which is in turn set by fluctuations in the light field responsible
for the coupling.
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Another obstacle to be wary of is that the radius of the compact torus would
be so large at the beginning of inflation that only very small values of ρ could be
used without the thermal production of KK modes becoming important. This
would lead to a further dissipation of ρ other than dilution due to the expansion.
However, these KK modes would also act as sources of gravitational energy which
would give rise to expansion. The problem is complicated and we leave it for
future studies.
So far we have been dealing with an exponential potential which drives the
compact space towards zero size without discussing its origin. As we have men-
tioned, such a situation is not generic and we shall turn to that subject now.
4 Finding an appropriate potential
We have seen that in order for our model to work and give rise to expansion, we
need to find a potential which pushes us towards small volumes of the compact
space. A moment’s thought makes it clear that the potential also has to have
a positive overall value in order for the net energy density to be positive at the
effective minimum of φ. We therefore would like to find a potential which is
positive and decreases as φ grows.
The potentials that one often encounters when considering the stabilisation of
higher dimensions in superstring theories come from non-perturbative effects such
as gaugino condensates and instanton actions. The classical action B for these
instantons generically takes the form B ∼ g−1s (R/ls)n so that their contribution to
the effective potential takes the form V (φ) ∼ e−e−φ which monotonically increases
with φ [14]. This is discouraging, but precision tests in the solar-system show
that we live in a universe where the majority of gravity is transmitted over large
scale by spin-2 fields rather than scalars. Some potential must therefore exist to
stabilise and give mass to the φ field if there are in reality higher dimensions.
Other kinds of well known effective potentials for the modulus φ are potentials
due to a bare cosmological constant, a non-zero 4-form flux field strength and
curvature of the higher dimensional manifold. The effective potential due to these
three contributions is given by [16, 15].
V (φ) = M2P lΛe
β
2
φ +
F 20
2
e
3β
2
φ − M
4
P lK
2
e
2
β
φ (26)
where Λ is a higher dimensional (geometrical) cosmological constant, F 20 param-
eterises the value of the 4-form field strength and K is negative for a negatively
curved compact space and positive for a positively curved compact space. All
of these contributions have the wrong sign in either the exponential or in their
absolute value to provide on their own the kind of potential we are looking for.
However, if we look at the potential obtained by summing these three contribu-
tions we find at some candidate potentials.
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φ<φ φ=φ
(φ)V
0
0
Figure 1: Schematic diagram showing how the combined contributions of a cos-
mological constant and a positively curved compact space lead to a potential with
a region where ∂V/∂φ < 0
First of all, it is clear that in order to have any kind of minimum or maximum
we must consider a positively curved compact space so that the curvature contri-
bution to the potential is negative. The definition of β in equation (2) makes it
clear that the flux contribution to the potential drops faster than the curvature
term. These two contributions together can only therefore give rise to a mini-
mum with a negative absolute value of the potential. However by combining the
cosmological constant term with the curvature term, one can arrive at situations
such as that drawn in Figure 1 where there is a maximum in the potential and a
region where the potential pushes us towards a smaller compact space, although
this potential has no minimum.
Combining all three contributions, one can obtain a well behaved minimum in
the way shown in figure (2). There is a region of this potential where ∂V/∂φ < 0
although it is not clear how natural it would be to tune the density and the size
of the compact space so that φ behaves in the way that we would like. We will
say no more about specific potentials here.
5 Acceleration without a potential?
We have seen that it is difficult, although not impossible, to obtain potentials
which make the compact space shrink over time so might we therefore obtain
10
φ<φ φ=φ
(φ)V
0
0
Figure 2: Schematic diagram showing how the combined contributions of a cos-
mological constant, non-zero 4-form field strength and positively curved compact
space lead to a non-trivial potential in the Einstein frame
acceleration in a different way? The authors of [17] considered a runaway poten-
tial associated with the breathing mode of a negatively curved compact space,
in other words a positive potential which increases ∼ e 2βφ (see also [18]). Their
example was particularly interesting since they showed that one can obtain accel-
eration from a purely geometric source rather than any potential or cosmological
constant. In their model, they started the field φ rolling with kinetic energy in
the positive φ direction so as to obtain a brief period of accelerated expansion
at the point at which φ climbs the potential, stops and starts to roll back down
again. Note that equation (9) shows us that this curvature potential is too steep
to give rise to inflation, although there are variations on this theme which can
give rise to more acceleration [19].
In our model, energy density acts as an effective exponential potential for φ,
so it would be interesting to see if we can obtain a period of acceleration in an
analogous way, i.e. without any potential or cosmological constant. Before we
begin we can see straight away that we face the added difficulty of overcoming
the dilution of the energy density as the universe expands, in other words, as
our field φ runs up the slope, the absolute value of the slope is decreasing as our
matter becomes more dilute.
For the case in reference [17] the expression for the acceleration in the Einstein
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frame is given by the normal one for a scalar field moving in a potential
a¨
a
= − 1
6M2P l
(ρ+ 3P ) = −1
3
(φ˙− V (φ)
M2P l
) (27)
and one can see that as φ comes to a stop, the universe will accelerate.
It is almost as easy to obtain the corresponding expression for our situation.
Using the equation of motion for the scalar field
φ¨+ 3Hφ˙+
1
4
(1− 3ω) βρ
M2P l
eβφ = 0 (28)
and the expression for the hubble constant H
H2 =
1
3
(
ρ
M2P l
eβφ +
1
2
φ˙2
)
(29)
as well as the expression for the dilution of ρ equation (5) we find that
a¨
a
= H˙ +H2 = −1
6
(1− 3ω)ρe
βφ
M2P l
− φ˙
2
3
+
1 + ω
8
ρeβφ
M2P l
βφ˙
H
(30)
which is always less than zero and acceleration will not occur. This is not so
surprising, the brief period of acceleration which occurs in the model described
in reference [17] when φ is stationary corresponds, in our model, to a brief period
of time where φ is not changing and the matter is therefore red-shifting as we
would normally expect it to. It is therefore not possible to obtain any acceleration
without the presence of some potential.
6 Discussion
In this paper we showed that in models with compactified higher dimensions,
changes in the size of the compact space change the effective equation of state of
matter. In particular, in the presence of a potential which tends to reduce the
size of the compact space, one can obtain acceleration from normal matter.
Assuming a simple form for this potential we have calculated the maximum
amount of expansion one could get from a such a model without non-adiabatically
producing KK excitations around the compact space. If we did excite KK modes,
their effect on the evolution of the compact and non-compact spaces would be
extremely difficult to calculate. For a prolonged period of acceleration, the com-
pact space would have to start out very large compared to its size at the end of
this period.
We have also tried to explain why it is difficult to find potentials of a suitable
form to lead to acceleration, although we have shown that realistic potentials
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already exist which contain regions where the compact space would be pushed to
smaller sizes as the matter or radiation becomes diluted. We ended by pointing
out that it is hopeless to try and get acceleration without the presence of a
potential.
So far we have said nothing about Dark energy. It has been pointed out
recently that if one is able to find an appropriate potential of the form that we
have used in this paper one can give a mass to φ which changes according to
the local density [5]. In particular, tests of tensor gravity could be passed in
denser mediums such as the solar system or neutron star binary systems, while
a scalar-tensor theory would describe gravity in the low density voids between
clusters of galaxies. The equation of state of dark matter, could be reduced in
these regions as it is in other models of varying mass particles (VAMPS) [7][8].
In this way, one might hope to shed light on the coincidence between the energy
density of dark energy and dark matter.
Appendix
We assume a compact toroidal space where all of the higher dimensions have the
same size. We call the 4+D dimensional metric GMN and since it is diagonal
we can easily split it into a 4D part gµν and a higher dimensional part hij with
components hii = h
1
D−4 where h is the determinant of hij .
S =
M2P l
2
∫
d4x
√−g
√
h
h0
{
R[g] +
(D − 5)
(D − 4)
1
4
gµν∂µ ln h∂ν ln h
}
(31)
Here, x are the coordinates of the 4-dimensional space and the four dimensional
Planck mass MP l is given by
M2P l = (8πG)
−1 = MD−2F
∫
dD−4y
√
−h0 =MD−2F (2πr)D−4 (32)
where y are the coordinates and r are the radii of the tori of the compact space.
Now a conformal transformation of the metric of the form gµν = e
2σg˜µν allows us
to go to the Einstein frame and define a canonically normalised scalar field φ
φ− φ0 = −1
4
a ln
(
h
h0
)
= aσ ; a = 2
√
D − 2
D − 4 (33)
such that
S =
M2P l
2
∫
d4x
√
−g˜
{
R˜− 1
2
∂µφ∂µφ
}
. (34)
The stress energy tensor of matter in the string frame has coupling in the Einstein
frame given by [4]
T˜ µν = e6σT µν (35)
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and the new Christoffel symbol after the transformation is given by
Γ˜γµν = Γ
γ
µν − gγµσ,ν − gγνσ,µ + gµνgγκσ,κ (36)
so that we can rewrite the energy conservation equation:
∇˜βT αβ = ∇βT αβ − 6T αγσ, γ + Tσ,α (37)
The covariant derivative of the stress energy tensor of the matter in the Einstein
frame with the σ dependant coupling is
∇˜β
(
e6σT αβ
)
= T αβ∇˜βe6σ + e6σ∇˜βT αβ
= e6σ∇βT αβ + e6σgαβTσ,β
α = 0⇒ = e6σ (ρ˙+ 3H(1 + ω)ρ) + e4σ (1− 3ω) ρσ˙ (38)
Next we write T˜ βαφ which is the stress energy tensor of the scalar field defined
in the normal way in the Einstein frame as
T˜ αβφ =M
2
P l∂
αφ∂βφ− 1
2
gαβ
(
M2P l∂
µφ∂µφ+ 2V¯ e
−αφ
)
(39)
where the potential is the one used in the main body of the text. It is the
covariant derivative of the sum of all the stress energies which must be zero to
match the Bianchi identities so that
∇˜α
(
e6σTM
βα + T˜ βαφ
)
= 0 (40)
The relationship between the the canonically normalised field φ and the field σ
used in the conformal transformation is 4σ = βφ. Then the above equation splits
into a conservation equation for the matter and an equation of motion for φ
ρ˙+ 3H(1 + ω)ρ = 0
φ˙
(
M2plφ¨− αV¯ −αφ +
β
4
(1− 3ω)ρeβφ + 3M2plHφ˙
)
= 0 (41)
which shows that there is an effective potential for the φ field of the form
Veff = V¯ e
−αφ +
1
4
ρ(1− 3ω)eβφ (42)
as used in the text.
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